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SOME BACKGROUND

RANS: Most commonly used prediction method

Variable density extensions incompressible forms

Compressibility models

Dilatation models

Influence and role of pressure fluctuations

Reduced mixing-layer spreading rate with convective Mach

number motivated early research

Early studies assumed changes in density distribution

important
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SOME BACKGROUND
U
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Schematic of self-similar mixing layer longitudinal mean velocity profile, and variation of
spreading rate with Mach number U2 = 0: •, values for incompressible flow, and other sym-
bols for compressible mixing layers. (Birch and Eggers, 1972)
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SOME BACKGROUND

0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

1

1.2

Convective Mach Number, Mc

C
o
m

p
re

ss
ib

il
it

y
 F

ac
to

r,
 Φ

Exp. Data

k−ε, Zeman

k−ω, Zeman

k−ε, Sarkar

k−ω, Sarkar

k−ε, Wilcox

k−ω, Wilcox

„
dδ

dx

«

c

= Φ

„
dδ

dx

«

i
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OUTLINE
Data from DNS of ZPG Supersonic BL Flow, M∞ = 2.25

Without Shock

Equilibrium modeling considerations

Mean velocity, thermodynamic variable distributions across BL

Turbulent velocity, thermodynamic and scalar flux correlation
distributions across BL

Kinetic energy, energy dissipation rate, temperature variance and
scalar flux budgets across BL

With shock

Non-equilibrium modeling considerations

Strength of impinging shock/flow separation

Streamwise relaxation effects
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PHYSICAL PARAMETERS
Adiabatic

Freestream Mach Number
M∞ =2.25

Freestream unit Reynolds number
Re/m. = 25 × 106

Momentum Thickness Reynolds
number Reθ = 3706

Shape factor H = 3.40

qw = 0, Taw = 342K, Tr = 323K,
T∞ = 170K, r = 0.89

(−Bq , Mτ ) = (0.0, 0.077)

Isothermal

Freestream Mach Number
M∞ =2.25

Freestream unit Reynolds number
Re/m. = 25 × 106

Momentum Thickness Reynolds
number Reθ = 3798

Shape factor H = 2.65

Tw = 230K, Taw = 342K,
Tw/Taw = 0.67, T∞ = 170K

(−Bq, Mτ ) = (0.017, 0.079)

Bq =
qw

ρwcpuτ T̃w

, Mτ =
uτ

cw
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SHOCK CASE: DIAGNOSTIC POSITIONS

Diagnostic plane positions (xi, impingement position of incident shock-wave; δo
c , boundary

layer thickness at station P01).

Plane xpos = (x − xi)/δo
c

Adiabatic Isothermal

P01 −2.9 −2.9

P02 0.4 0.4

P03 3.0 3.0

P04 5.6 5.6

P05 8.2 8.2

P06 16.7 16.7
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MEAN FIELD
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MEAN VELOCITY RELAXATION
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WALL AND SEMI-LOCAL SCALING

Proper choice of scaling dictated by collapse of correlation data

Usual viscous normalization

uτ =
√

τw/ρw, νw = µw/ρw

Semi-local viscous normalization

uτ⋆ =
√

τw/ρ, ν = µ/ρ

Need to account for density variations across boundary layer
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WALL AND SEMI-LOCAL SCALING
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REYNOLDS STRESS DOWNSTREAM RELAXATION
Adiabatic Isothermal
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TURBULENT KINETIC ENERGY BUDGET

−AK + PK + ΠK + TK + DK − ǫ + MK = 0 ,

AK = ρũj

(
∂K

∂xj

)
Advection (negligibly small)

PK = −ρτikS̃ki Production

ΠK = p′s′kk Pressure-dilatation

TK = −

∂

∂xk

[
ρũ′′

i u′′

i u′′

k

2
+ p′u′

iδik

]
Turbulent transport

DK = −

∂

∂xk

[
σ′

iku′

i

]
Viscous diffusion

ǫ = σ′

iks′ki Dissipation

MK = ρ′u′

i

(
∂p

∂xi
−

∂σik

∂xk

)
Mass flux
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TURBULENT KINETIC ENERGY BUDGET
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TURBULENT STRESS ANISOTROPY EQUATION

Dbij

Dt
−

DK

K

[
d
(t−µ)
ij − bij

]
= −

[
PK

ǫ
+

ΠK

ǫ
+

MK

ǫ
− 1

]
bij

τ
+

d
(ǫ)
ij

τ

+
1

2K

[(
Πij −

2δij

3
ΠK

)
+

(
Mij −

2δij

3
MK

)]

−

2

3

(
S̃ij −

δij

3
S̃ii

)
+
(
bikW̃kj − W̃ikbkj

)

−

(
bikS̃kj + S̃ikbkj −

2

3

[
b:S̃
]
δij

)

where

d
(t−µ)
ij =

Dij

2DK
−

δij

3
, τ = K/ǫ, d

(ǫ)
ij =

ǫij

2ǫ
−

δij

3
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TURBULENT STRESS ANISOTROPY EQUATION

Dbij

Dt
−

DK

K

[
d
(t−µ)
ij − bij

]
= −

[
PK

K
+

ΠK

K
+

MK

K

]
bij +

ǫ

K

[
d
(ǫ)
ij + bij

]

+
ΠK

K
d
(Π)
ij +

MK

K
d
(M)
ij

−

2

3

(
S̃ij −

δij

3
S̃ii

)
+
(
bikW̃kj − W̃ikbkj

)

−

(
bikS̃kj + S̃ikbkj −

2

3

[
b:S̃
]
δij

)
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TURBULENT STRESS ANISOTROPY EQUATION
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PRESSURE CORRELATION TERMS

Pressure-strain rate correlation

ρΠij =
2

3
p′s′kkδij + 2

(
p′s′ij −

δij

3
p′s′kk

)

=
2

3
ρΠδij + ρΠd

ij
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PRESSURE CORRELATION TERMS

Pressure-strain rate correlation

ρΠij =
2

3
p′s′kkδij + 2

(
p′s′ij −

δij

3
p′s′kk

)

=
2

3
ρΠδij + ρΠd

ij

Pressure-variance equation

ρΠ = −

1

c2

D

Dt

(
p′2

2

)
− p′u′

j

∂ρ

∂xj
−

γp′2

c2
S̃jj + hot.

ρΠ =





αZd

(
p′2

p2
e

− 1

)
ρεMt + αZc

p′2

γp
S̃kk Zeman (1991)

αSd ρεM2
t + αScγ pS̃kkM4

t Sarkar (1992)
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PRESSURE CORRELATION TERMS

Pressure-strain rate correlation

ρΠij =
2

3
p′s′kkδij + 2

(
p′s′ij −

δij

3
p′s′kk

)

=
2

3
ρΠδij + ρΠd

ij

Convective wave equation

{
M2

t

[
∂

∂t
+ ũj

(
Mg

Mt

)
∂

∂xj

]2
−

∂2

∂xj∂xj

}
p′

= 2

(
Mg

Mt

){[
∂ũi

∂xj

∂(ρu′′

j )

∂xi

]
+

(
Mg

Mt

)
ρ′
[

∂ũi

∂xj

∂ũj

∂xi

]}

+
∂2

∂xi∂xj

[
ρ(u′′

i u′′

j − ũ′′

i u′′

j ) + ρ′u′′

i u′′

j

]
,
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PRESSURE CORRELATION TERMS

Pressure-strain rate correlation

ρΠij =
2

3
p′s′kkδij + 2

(
p′s′ij −

δij

3
p′s′kk

)

=
2

3
ρΠδij + ρΠd

ij

Poisson equation – time derivative of density in forcing term

−

∂2p′

∂xi∂xi
= −

∂2

∂xi∂xj

(
ρũ′′

i u′′

j − ρu′′

i u′′

j

)

+2
∂ũi

∂xj

∂(ρu′′

j )

∂xi
+ ρ′

∂ũi

∂xj

∂ũj

∂xi
−

D2ρ′

Dt2
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PRESSURE-STRAIN RATE CORRELATION

Solution for fluctuating pressure field from convective wave equation

p′(x, t) =

∫ t

0

dt′
∫

d3x′G(x − x′, t − t′)f(x′, t′)

p̂(k, t) =

∫ t

0

dt′Ĝ(k, t − t′)f̂(k, t′)

where f(x′, t′) is right side of wave equation

Πij(r, t) =

〈
p′(x + r, t)

(
∂

∂xj

u′′

i (x, t) +
∂

∂xi

u′′

j (x, t)

)〉
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PRESSURE-STRAIN RATE CORRELATION

Pressure-strain rate correlation from convective wave equation

Πr
ij = 2ρ

(
Mg

Mt

)∫
∞

0

dk

∫ π

0

sin θdθ

∫ 2π

0

dφ R(k, θ, φ; τI)

×klS̃ln [Eni(k, θ, φ; bmn)kj + Enj(k, θ, φ; bmn)ki]

Eij(k;b) =
E(k)

4πk2

(
δij − k̂ik̂j

)
+

Ea(k)

8πk2

(
k̂nbnmk̂m

)(
δij + k̂ik̂j

)

+
Ea(k)

4πk2

[
bij −

(
bink̂nk̂j + k̂ik̂nbnj

)]
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SOLENOIDAL DISSIPATION RATE BUDGET

ρǫ ≈ ρε + ρεd + ρεI

ρε = µw′

ijw
′

ij = µω′

iω
′

i

ρεd =
4

3
µs′kks′ll

ρεI = 2µ

[
∂2(u′

iu
′

j)

∂xi∂xj
− 2

∂

∂xk

(
u′

k

∂u′

j

∂xj

)]

Contributions involving fluctuating viscosity negligible
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SOLENOIDAL DISSIPATION RATE BUDGET

−Aε + P 1
ε + P 2

ε + P 3
ε + Tε + Dε − Υ + Bε + Fε +

ε

ν

Dν

Dt
= 0

P 1
ε = 2ν

[(
ω′

iω
′

k Sik − ω′

iω
′

i Skk

)
+
(
ω′

is
′

ik Ωk − ω′

is
′

kk Ωi

)]

Production mean shear, dilatation, vorticity

P 2
ε = −2ν (u′

kω′

i)
∂Ωi

∂xk
Gradient production

P 3
ε = ν

(
2ω′

iω
′

js
′

ji − ω′

iω
′

is
′

kk

)
Production due to vortex stretching

Tε = −ν
∂(u′

kω′

iω
′

i)

∂xk
Turbulent transport

Dε = 2ν
∂

∂xk

[
ω′

r

ρ

(
erji

∂σik

∂xj

)]
Viscous diffusion
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SOLENOIDAL DISSIPATION RATE BUDGET

−Aε + P 1
ε + P 2

ε + P 3
ε + Tε + Dε − Υ + Bε + Fε +

ε

ν

Dν

Dt
= 0

Υ = 2ν

[
∂

∂xk

(
ω′

r

ρ

)](
erji

∂σik

∂xj

)
, Viscous destruction

Compressibility terms

Bε = −2ν

(
ω′

r

ρ2

)[
erij

∂ρ

∂xj

∂p

∂xi

]
Baroclinic term

Fε = 2ν

(
ω′

r

ρ2

)[
erji

∂ρ

∂xj

∂σik

∂xk

]
. Viscous force term

Last term on right known

– p.13/19



GDR 15Oct12

SOLENOIDAL DISSIPATION RATE BUDGET
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h“
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k Sik − ω′
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i Skk

”
+

“
ω′

is
′

ik Ωk − ω′

is
′

kk Ωi

”i

P 3

ε = ν
“
2ω′

iω
′

js′ji − ω′

iω
′

is
′

kk

”

Υ = 2ν

»
∂

∂xk

„
ω′

r

ρ

«– „
erji

∂σik

∂xj

«

P 3
ε relatively unaffected by change in wall condition
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DISTRIBUTION OF TEMPERATURE (TOTAL) VARIANCES
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Reduction of temperature fluctuations

Relatively constant over log-layer region
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Relatively constant and lesser in amplitude log-layer region
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TEMPERATURE VARIANCE BUDGET

−AT + PT + TT + DT − εT + C1
T + C2

T = 0 ,

PT = −ρũ′′

kT ′′
∂T̃

∂xk
Thermal production

TT =
∂

∂xk

(
ρũ′′

kT ′′2

2

)
Thermal transport

DT =

(
γ

cp

)
∂

∂xk

[
kT T ′′

∂T ′

∂xk
+ k′

T T ′′
∂T

∂xk
+ k′

T T ′′
∂T ′

∂xk

]
Thermal diffusion

εT =

(
γ

cp

)[
kT

∂T ′′

∂xk

∂T ′

∂xk
+ k′

T

∂T ′′

∂xk

∂T

∂xk
+ k′

T

∂T ′′

∂xk

∂T ′

∂xk

]

Thermal dissipation rate

C1
T =

(
γ

cp

)[
T ′′

∂

∂xk

(
kT

∂T

∂xk

)]
, C2

T = −

(
γ

cp

)[
T ′′

(
p
∂uk

∂xk
− σik

∂ui

∂xk

)]

Thermal conduction Pressure-dilatation, viscous dissipation
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TEMPERATURE VARIANCE BUDGET
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TIME SCALE RATIO
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DISTRIBUTION OF HEAT AND MASS FLUX
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HEAT FLUX BUDGETS

−ATi + P 1
Ti + P 2

Ti + ΦTi + DTi − εTi + CTi = 0 ,

the production due to the mean temperature and velocity gradients,

P 1
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∂ũi

∂xk
−

(
γ

cp

)[
pu′′

i S̃kk − u′′

i σ′

jkS̃kj

]

Production mean temperature, velocity gradients

P 2
Ti =

(
γ

cp

)[
u′′

i σ′

jks′′kj − u′′

i p′s′′kk

]
Production fluctuating strain rate
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HEAT FLUX BUDGETS
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Turbulent, viscous− thermal transport
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Compressibility
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HEAT FLUX BUDGETS
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RANS MODEL DEVELOPMENT

Higher-Order Velocity Correlation Models

Pressure-strain rate, pressure-dilation and solenoidal dissipation

Variable density extensions for other unknown correlations

Wall-proximity modifications

Temperature Variance Models

Variance dissipation rate model

Numerous unknown correlations

Wall-proximity modifications

Thermal-flux Models

Pressure-scrambling term important

Numerous unknown correlations

Wall-proximity modifications
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RANS MODEL DEVELOPMENT

Low-Order Velocity Correlation Models

Wide variety of two-equation models

Heat flux vector
Gradient transport models - wall proximity corrections
Variable Prt effects
Variable time scale ratio

Hybrid Methods

Simplest level - provides RANS solution where LES is deficient

Complex level - provides linkage between DNS/LES and RANS
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